Abstract. An algebra with identities a(bc) = b(ac), (ab)c = (ac)b is called bicommutative. We construct list of identities satisfied by commutator and anti-commutator products in a free bicommutative algebra. We give criterions for elements of a free bicommutative algebra to be Lie or Jordan.
Introduction
One of the common questions in algebra for an adjoint class of a variety via commutator or anti-commutator products is to determine a set of their identities. For some varieties of algebras this question is solved or partially solved and for some of them are still open.
Classical example of such approach gives us a variety of associative algebras. Commutator and anti-commutator algebras of an associative algebra satisfy Jacobi and Jordan identities respectively. By Poincaré-Birkhoff-Witt (PBW) theorem anti-commutativity and the Jacobi identities gives us complete list of identities for commutator algebras of associative algebras [3] , [4] , [5] . In other words, any identity satisfied by the commutator product in every associative algebra is a consequence of the anti-commutativity and the Jacobi identities. The case of anti-commutator algebras of associative algebras is completely different. There is no analogue of PBW theorem. There is no embedding theorem for any Jordan algebra. There exists an identity of degree eight that is not consequence of commutativity and the Jordan identities [22] , [23] . For a survey on identities of Jordan algebras see [28] .
Another example concerns a variety of pre-Lie (right-symmetric) algebras. The commutator algebra of pre-Lie algebra satisfies anticommutativity and the Jacobi identities. Moreover, there holds embedding theorem for all Lie algebras [6] , [12] , [25] , [26] . In other words, any identity satisfied by the commutator product in every pre-Lie algebra is a consequence of the anti-commutativity and the Jacobi identities. As far as anti-commutator case, no identity except commutativity holds for any anti-commutator algebra of all pre-Lie algebras [2] .
The first author has studied identities satisfied by the commutator and anti-commutator products in Novikov, Zinbiel, Leibniz and assosymmetric algebras, see [13] , [14] , [16] , [17] , [18] and [20] .
An algebra with identities
is called bicommutative. The identity (1) is called left-commutative and the identity (2) is called right-commutative. The bicommutative algebras are studied in papers [7] , [9] , [10] , [15] , [19] and [24] . In our paper we study such questions for bicommutative algebras. Let Bicom be a variety of bicommutative algebras. Define Bicom (−) and Bicom (+) as classes of algebras of a form A (−) and A (+) , where A ∈ Bicom. Recall that commutator product is defined by We say that A (−) and A (+) are commutator and the anti-commutator algebras of A ∈ Bicom recpectively. In [7] and [15] there were shown that any algebra of Bicom (−) is a metabelian Lie algebra. We prove that every identity satisfied by the commutator product in all bicommutative algebras is a consequence of anti-commutativity, the Jacobi and the metabelian identities. In the anti-commutator case, we obtain two identities in degree 4, one of them was given in [15] . We prove that every identity satisfied by the anti-commutator product in all bicommutative algebras is a consequence of commutativity and these two identities. Furthermore, we show that these identities in degree 4 are independent in a free bicommutative algebra.
Let X be a set and As(X) be a free associative algebra generated by X. A polynomial in As(X) is called Lie element of As(X) if it can be expressed by elements of X in terms of commutators. Similarly, a polynomial in As(X) is called Jordan element of As(X) if it can be expressed by elements of X in terms of anti-commutators. There are two well-known Lie criterions, Dynkin-Specht-Wever criterion [11] , [30] , [31] and Friedrich's criterion [21] . On the other hand, there is still no a criterion that determines all Jordan elements in As(X). This problem is solved only for some subspaces of the space of all Jordan elements [8] , [29] . These problems were considered for other varieties of algebras. For example, Lie criterion for pre-Lie algebras is given in [26] , Jordan criterion for Leibniz algebras is given in [18] .
We consider the analogues of these questions for bicommutative algebras. Let Bicom(X) be a free bicommutative algebra generated by X. We give Lie and Joran criterions that enable one to determine whether an element in Bicom(X) is a Lie and a Jordan element, respectively.
Statement of results.
We consider all algebras over a field K of characteristic 0, hence any identity is equivalent to a finite set of multilinear identities, see chapter 1 in [32] . Therefore, we may restrict our attention to multilinear identities.
2.1. Theorem. Any identity satisfied by the commutator in every bicommutative algebra is a consequence of anti-commutativity, the Jacobi and the metabelian identities:
Theorem. Any identity satisfied by the anti-commutator in every bicommutative algebra is a consequence of commutativity, the minusTortken and weak right-commutativity identities:
(6) {a, b} = {b, a},
where (a, b, c) = {a, {b, c}} − {{a, b}, c} is the associator of a, b, c.
2.3.
Remark. Any Novikov algebra under anti-commutator satisfies an identity so-called Tortken, see [13] (9) {{a, b},
We note that (7) differs from (9) in signs on the right hand-side and propose to call (7) by the minus-Tortken identity. The identity (8) is a right-commutativity identity of three elements if the first element is decomposable. For this reason, we call it by weak right-commutativity identity.
Suppose that X is an ordered set. Recall a basis of free bicommutative algebra generated by X in [19] . In order to obtain base elements in degree n, we consider Young diagrams of form (n) and (n − k, 1 k ) where k = 1, . . . , n − 2. We fill the Young diagrams by elements of X so that x 1 ≤ x 2 ≤ . . . ≤ x k , y 1 ≤ y 2 ≤ . . . ≤ y l and k, l > 0 for x 1 , . . . , x k , y 1 , . . . , y l ∈ X and then correspond them to monomials of bicommutative base elements as follows
. . .
As an example, we give the construction of multilinear base elements of Bicom({x, y, z}) and assume that x < y < z.
x y z → (xy)z, y x z → (yx)z, z x y → (zx)y,
To formulate Jordan and Lie criterions, we introduce two linear maps, involution and Dynkin maps, on Bicom(X).
Define a conjugation map * : Bicom(X) → Bicom(X) on base elements by x −→ x and x 1 y 1 y 2 . . . y l x 2 . . .
In other words, * is an involution map on Bicom(X).
Moreover, if a and b are homogenous and homogenous degrees are more than one, then (ab)
Proof. Follows from Lemma 3.3 of [19] .
An element f ∈ Bicom(X) is called symmetric and skew-symmetric if f * = f and f * = −f, respectively.
Theorem. Let f be an element of Bicom(X). Then f is Jordan if and only if f is symmetric.
The Dynkin map D : Bicom(X) → Bicom(X) is a linear map, defined on base elements as follows
where k + l = n. We define head of f ∈ Bicom(X), head(f ), as a projection to a linear space, generated by base elements, where x 1 appears in the second column of Young diagram (n) and appears in the first column of Young diagram (2, 1 n−2 ), that is,
By L(X) and J(X) we denote the free commutator and free anticommutator algebras, respectively generated on X of Bicom(X). Let L n and J n be their homogenous part of degree n, respectively. An element of Bicom(X) is called Lie if it belongs to L(X). Similarly an element of Bicom(X) is called Jordan if it belongs to J(X).
A subspace of symmetric elements is generated by elements of a form e (+) = e + e * , similarly a subspace of skew-symmetric elements is generated by elements of a form e (+) = e + e * , where e is the base element of Bicom(X).
3. Proof of Theorems 2.2 and 2.5
Proof. Clearly, J n+2 ⊇ {J n+1 , J 1 } + {J n , J 2 }. The converse is proved by induction on degree n. It is enough to prove the statement for monomials. The base of induction when n = 1 is evident. Suppose that our statement is true for fewer than n > 1. Let f = {f 1 , f 2 } ∈ J n+2 , where f 1 ∈ J k , f 2 ∈ J l and k + l = n + 2. Then by hypothesis of induction and weak right-commutativity we may assume that f 1 and f 2 have the following form
Proof. Generators of J n are symmetric. We use induction on degree n. Base of induction is {a, b} = (ab) (+) . Assume that the statement is true for elements in degree fewer than n. We have
, and
.
By these relations and by Lemma 3.1, we see that any Jordan element of degree n is symmetric.
Lemma. Let f be a symmetric element of Bicom(X). Then f is a Jordan element.
Proof. Since any symmetric element of Bicom(X) is a linear combination of elements of the form e
i , where e i is a base element of Bicom(X), it is sufficient to show that e (+) i is Jordan. We prove it by induction on degree n. The base of induction is given by
Assume that the statement is true for elements in degree fewer than n.
We have a 1 a 2 . . . a n
. . a n−1
, a n }+ { a 1 a 2 . . . a n−2 a n (+) , a n−1 }− 1 2 { a 1 a 2 . . . a n−2
(+)
, a n−1 a n (+)
})
and
, a n }− a 1 a 2 . . . a k a n a k+1 . . . a n−1
(+)
Therefore, any symmetric element is Jordan.
Lemma. Every identity of degree no more than 4 satisfied by the anti-commutator products in every bicommutative algebra is a consequence of the identities (6), (7) and (8).
Proof. A straightforward calculation shows that there is no identity in degree 3 and it can be easily checked that the identities (6), (7) and (8) hold in every bicommutative algebra. We show that any other identity in degree 4 follows from (6), (7) and (8) . By the identities (6), (7) and (8), we can have (10) {{a, c}, {b, d}} = {{a, b}, {c, d}} − {{{a, b}, c}, d}− {{{c, d}, a}, b} + {{{a, c}, b}, d} + {{{b, d}, a}, c}, (11) {{a, d}, {b, c}} = {{a, b}, {c, d}} − {{{a, b}, c}, d}− {{{c, d}, a}, b} + {{{a, d}, b}, c} + {{{b, c}, a}, d}.
Therefore, we can claim that the multilinear subspace of J({x, y, z, t}) is spanned by the following elements {{{x, y}, z}, t}, {{{x, z}, y}, t}, {{{x, t}, y}, z}, {{{y, z}, x}, t}, {{{y, t}, x}, z}, {{{z, t}, x}, y}, {{x, y}, {z, t}}.
Hence a new identity in degree 4 has the form
f (x, y, z, t) = λ 1 {{{x, y}, z}, t}+λ 2 {{{x, z}, y}, t}+λ 3 {{{x, t}, y}, z}+ λ 4 {{{y, z}, x}, t}+λ 5 {{{y, t}, x}, z}+λ 6 {{{z, t}, x}, y}+λ 7 {{x, y}, {z, t}} for some λ 1 , . . . , λ 7 ∈ K. We have f (x, y, z, t) = (λ 1 +λ 2 +λ 3 )(((xy)z)t) (+) +(λ 2 +λ 3 +λ 4 +λ 5 )(y((xz)t)) (+) + (λ 1 +λ 3 +λ 4 +λ 6 +2λ 7 )(z((xy)t)) (+) +(λ 1 +λ 2 +λ 5 +λ 6 +2λ 7 )(t((xy)z)) (+) + (λ 3 +λ 5 +λ 6 )(z(y(xt))) (+) +(λ 2 +λ 4 +λ 6 )(t(y(xz))) (+) +(λ 1 +λ 4 +λ 5 )(t(z(xy))) (+) .
Since the elements
are linearly independent in Bicom({x, y, z, t}), the condition f (x, y, z, t) = 0 gives us a system of 7 linear equations with 7 unknowns. We see that the system has rank 7, then f (x, y, z, t) = 0 if and only if
3.5. Lemma. J n is spanned by elements of the form
In particular, the number of elements of the form (12) in the multilinear case is equal to 2 n−1 − 1.
Proof. By Lemma 3.1 and the identity (8) we obtain the type of bracketing in (12) for the spanning elements. The identity (8) permits one to order all generators occurring at positions 2k + 1, . . . , n in (12). Furthermore, by the relations (10) and (11) we can put the generatorts at positions 1,2,3 and 4 in (12) in non-decreasing order. Then by weak right-commutativity and relations (10), (11), one can order the generators at positions from 1 to 2k in ( Proof of Theorem 2.2 Lemma 3.5 gives the upper bound dimension for the space of multilinear elements of J n and it is equal to 2 n−1 −1. On the other hand, from Corollary 2.4 in [19] follows that if |X| = n, then the multilinear dimension of Bicom(X) is equal to 2 n − 2. Lemma 3.2 shows that any Jordan element is a linear combination of elements e (+) in Bicom(X) where e is the basis element of space Bicom(X), so the multilinear dimension of subspace of symmetric elements in Bicom(X) is equal to 2 n−1 − 1. This gives a lower bound dimension for J n . Therefore, every identity satisfied by the commutators follows from commutativite, the minus-Tortken and weak right-commutative identities.
4. Proof of Theorem 2.1.
Lemma. If n is odd, then
If n is even, then
Proof. It is easy to see that
where k + l = n − 1. Induction on n based on these relations ends the proof.
Lemma. Every identity of degree no more than 4 satisfied by the commutator products in every bicommutative algebra is a consequence of anti-commutative, the Jacobi and the metabelian identities.
Proof. In [7] and [15] it was shown that any bicommutative algebra under Lie product becomes a metabelian Lie. A straightforward calculation shows that there is no identity in degree 3. We show that any identity in degree 4 follows from (3), (4) and (5) . If there is a new identity in degree 4 then according to the identities (3), (4) and (5), its polynomial f (x, y, z, t) has the form
(t(y(xz))) (+) , (t(z(xy))) (+) are linearly independent in Bicom({x, y, z, t}), then f (x, y, z, t) = 0 if and only if λ 1 = λ 2 = λ 3 = 0.
If n is odd, we note that
(by anti-commutativity)
If n is even, we note that
. .
Then apply Dynkin map D to other basis elements in head(f ) and we obtain D(head(f )) = f.
Proof of Corollary 2.7.
It follows from Theorem 2.5 and Lemma 4.1.
Independence of identities in degree 4.
In this section we show independence of the minus-Tortken and weak right-commutativity identities in a free bicommutative algebra. Let A = {e 1 , e 2 , e 3 , e 4 } be a four dimensional algebra with the multiplication and zero products are omitted. This algebra is a Jordan algebra [27] . A straightforward calculation shows that the algebra A satisfies the identity (7). But for substition a = e 1 , b = e 1 , c = e 1 and d = e 2 , A does not satisfy the weak right-commutative identity, namely
((e 1 e 1 )e 1 )e 2 − ((e 1 e 1 )e 2 )e 1 = e 2 4 = 0.
So, the weak right-commutativity is not a consequence of the minusTortken identity in every commutative algebra. It is easy to see that a set of the mutlinear bases elements in degree 4 of the free commutative algebra with identity (8) (ab)(cd), (ac)(bd), (ad)(bc)}. We express each summand in the identity (7) in terms of these base elements and one may see that a free commutative algebra with identity (8) does not satisfy the minus-Tortken identity. So, the minus-Tortken identity is not a consequence of weak right-commutativity in every commutative algebra. Therefore, they are independent identities in a free bicommutative algebra.
